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0\ ' Abstract 



The different schemes for the definition of the Z boson mass are analyzed. 
It is shown that the scheme, defining the mass as pole of the real part of the Z 
boson propagator and the width as the imaginary part of the propagator at the 
,^ . same point results in the gauge dependent results for these parameters in a two- 

loop approximation. On the other hand, the scheme, where the mass and width 
are related to the position of the pole of the propagator in the complex plane 
leads to the gauge independent result. It is argued that the gauge dependence of 



5r ! mass and width does not contradicts to the gauge invariance of the amplitude. 



^ The results were obtained at the High Energy Physics Institute of Tbilisi State University, 
Tbilisi, Georgia (March 1992). 
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1 Introduction 

Recently the problem of the definition of Z boson mass and width has been discussed 
[|I], 0. The problem refers to the definition of the physical parameters of unstable 
particle. The Z boson's in and out states can not be considered as the eigenvectors of 
the energy-momentum operator (clearly this is true for any unstable system). Thus we 
have no unambiguous theoretical prescription for the definition of Z boson mass. The 
conventional way is to extract the mass and the width from the amplitudes of processes 
containing the corresponding resonance in the S'-channel. E.g. the amplitude of the 
process e"'"e" -^ ff near its peak position is often parameterized as p|, ||]: 



n 

S - Mf+tTzMz 



MS)= ^ ,,, ,..^ ,. +r{S) (1) 



or 

S - [Mz - iTz/2y 

where TZ is the residue, the remainder, less singular part of the amplitude is designated 
by r(S') and it is assumed that the first term numerically exceeds r. The parameteri- 
zation (l)-(2) may be obtained from the conditions on the Green function of Z boson 
field. These conditions define the renormalization scheme, and as a consequence, the 
resonance parameters. 

In consideration of the mass and width two schemes are prevalent. 

In the framework of the first scheme the resonance parameters are defined as 
M| = Re Sp, MzTz = Im Sp 0, where Sp is the position of the pole of propagator 
in a a complex S-plane |0|: 

D-\Sp) = (3) 

In (2) D^^ is the denominator of the exact propagator of the Z boson. 

In the another, so called on mass-shell scheme, the variable S remains real and 
the definition is following |^: 

Re D-\Ml) = 0, MzTz = Im D'^Ml) (4) 

Of course, many different schemes can be introduced. E.g. the mass can be 
defined as the peak position of the amplitude, but in this case it would depend on the 
process under consideration. From the theoretical point of view it is preferable that 
the mass of an unstable particle, in a full analogy with the case of stable one, is defined 
without referring to any particular element of the S matrix but the propagator. The 
condition imposed on the propagator of an unstable particle is a realization of the 
scheme defining mass and width. 

In this paper we investigate the gauge dependence of the resonance parameters, 
defined in schemes (3) and (4). Note, that the gauge independence of the physical 
mass and width is the separate requirement, not being the direct consequence of the 



gauge independence of amplitude (l)-(2). In other words, from the requirement of 
gauge independence of observables (in our case - Z hne shape) it does not follow 
necessarily that the resonance parameters should be gauge invariant. In discussing 
the gauge dependence one expects that since the pole of the amphtude is a physical 
quantity, the mass and the width, defined through scheme (3) are gauge independent, 
while it is not evident in case of scheme (4). Below we check this argument in the 
framework of perturbation theory. 

In section 2 we demonstrate that Mz and F^, defined in scheme (3), are gauge 
independent in the two-loop approximation while the scheme (4) leads to the gauge 
dependence of these parameters (from [0 we have learned that A. Sirlin has arrived 
to the same conclusion about the scheme (4). Unfortunately at the present time 
the publication |^ is not available to us and hence we are not able to compare our 
arguments). 

In section 3 it is argued that if we use the scheme (4) or any other scheme with 
the gauge dependent Mz and F^, the scattering amplitude is still gauge independent. 

We use the bare Lagrangian in which the Higgs field condensate v and the ZA 
mixing are chosen in the tree approximation 0. The input parameters are the bare 
electromagnetic charge Cq and the bare masses Mqj. Calculations are performed in R^ 
gauge in the framework of dimensional regularization. We use Feynmann rules from 
the review 0. 

2 Two-loop Analysis of Gauge Dependence 

To investigate the gauge dependence of Mz and V z defined in the scheme (3) let us 
express Sp as follows: 

Sp = Mlz + el5Ml + el5Ml + . . . , (5) 

where the complex numbers 6Mi do not depend on cq. 

It is straightforward to show that the contributions from terms with the gauge 
parameters aw-, olz and a a are factorized in the expression for bM\. The most 
time-taking part of calculations in i?^ gauge is that with the gauge parameter aw 
0. Therefore, in the two- loop approximation where there is no factorization we will 
investigate only the sector with a^ to which we refer throughout this paper as a. 

This parameter appears in the free propagators oiW ^ x and c (for the denotions 
see 0]; x arid c correspond to the pseudogoldstone and ghost degrees of freedom 
appearing in R^ gauge): 



f - Ml^ \^ Ml^ ) Ml^ {f - aMl^, 



and 






^x(p) = --^—77^' ^c±(p) = --^—77^ (7) 



For brevity we will term the denominators with a as a-terms. 

One loop correction to the Z boson self energy contains terms, linear in a (i.e. 
integrand contains only one a-denominator) as well as a^-terms (the product of two 
a-denominators) . Two loop correction contains a, o? and a^, k > 2 terms. The 
simple calculation based on Ward identities demonstrates that a^, k > 2 terms cancel 
trivially, and the technique is exactly the same as in the case of stable particles. 
Further we will discuss only a and a^-terms which are present in one-loop and two- 
loop corrections and interfere with each other. 
The a^-terms appear only in the diagram Fig.l,a) and all the diagrams contain 



W, X, c ^ W, X, c \V, X, c 






a) b) c) 



Figure 1: One loop contribution from the "a - sector" in Z boson self energy. 

terms, linear in a. Even now two-loop calculations are still tedious. 

To proceed further let us note that in the sense of the gauge dependence the 
crucial difference between the results following from the schemes (3) and (4) is caused 
by fermion loops, leading to Im 6Mf ^ 0. Since our goal is to establish the (possible) 
gauge dependence of Mz and Tz, in the gauge independent part of SM"} we retain 
the contribution from the lepton sector only. The quark loop contribution gives the 
similar result. 

Summarizing, we consider only a and a"^ terms from the "a-sector" and in the 
expression for 6Mf only the contributions from the electron and neutrino loops are 
taken into account. 

After these introductory remarks we are in a position to discuss the gauge depen- 
dence of Mz and Tz- 

Let us consider first the one-loop contribution to II^p - self energy of the Z boson. 
To extract parameters Mz and Tz it is enough to consider the coefficient of g^^p. 
Therefore we will follow only the integrals, leading to this tensor structure. The 
corresponding contribution of a and a^ terms in U^p is: 

n fa,) _.. (p'-M|,)(P^ + Afe) , _ 



^q9hp 



May -P^ , 9^ 



- e, 



2 4(M2^-p2 



MoV 



-J, 



2/ip) 



where p is the Z boson momentum and 



Qi^Qp 



'-^''^ ' J "^"^ {q' - «MoV)((p + qy - aM^w) ' 



9m?p 



1 



Ji = i d 
J2 = t I (f'q 



2 ' 



g2 - aMo^y 
1 



(g2-MoV)((p + g)2-«MoV 



(9) 

(10) 

(11) 
(12) 



In (9)-(12) n is a space-time dimension. In the one-loop approximation II^p can be 
expressed as 



n^p = g^,p{p^ - Mlz) - ei 



n(i)-(p2) + n 



HP 



a] 



(13) 



where H^*"^ = g^,p 



Y^(i)inv g^j^^ n^p(Q;) are correspondingly gauge independent and 
gauge dependent parts. The gauge independence of Mz and Vz in one-loop approxi- 
mation is evident in both schemes, since in the scheme (3), where p^ = Sp we have 



5p-Mo2^ = e2n«-^(Mo2^), 



(14) 



and in the scheme (4) where p^ = Mz, we obtain: 

Ml-M^z = elReU('^^-^{M',z), 
MzTz = ellmIi^'^'^^{Mlz) 



(15) 



Let us proceed to the order Cg. The self energy in the scheme (3) can be expressed 



as 



where 



n,,(^P, a) = -el (^n(i)-^(Mo2^) j /,, + 0{el\ 



(16) 



2Mlz 



•■HP 



M^^{M^z-M^^) 



■Jip.p 



^"AmT^^mT'^'^'^'^' 



'OZ ^"-^OW / ^^^-'OVK 

and in the scheme (4) Re II^p can be expressed as 



M2 '^""' 



(17) 



ReU^p{a,p'^)\p2^M^ 



-e^Re n(^)'""i?e I^p 



a) 



W,x 




e, z/ W, X 




b) 




W,x 



Figure 2: Two- loop contribution from "a - sector" in Z boson self energy. 



Let us remind that in I&i'^™ we consider contributions only from the electron and 
neutrino. Then, to investigate the gauge dependence in order Cq it is necessary to 
consider the two- loop diagrams, Fig. 2 a) and b): 

The contribution from a^-terms in II^p from the diagram Fig. 2 a) at p^ = M^^ is 
equal to: 



ICr 



M^z 



4MoV(M2^-MoV) 



Jiaa / c?"g tr 



G{p + q)TMqhp 



(19) 



where G{p) = l/irriQ — p) is the free electron propagator and 

, M2 - ML 



Fa = la 



-1 + 4- 



'oz 



^ow 



Miz 



75 



(20) 



is the Ze^e~ vertex. Let us discuss the cancelation technique for the terms similar to 
(19) for the diagram Fig. 2 b), containing two W bosons. First of all, we consider the 
fermion loop contribution multiplied on virtual W boson's momenta that correspond 



to q; -terms: 



(A:^-«MoV)((p+A:)2-«MoV) '^''^^ '^^ ' ^^ 



tr 



G{p + q)T^G{q)k{l - i,)S{q - k){p + k) 



(21) 



where Fcr/jp is the ZW^W vertex and S{p) = —1/p is the free neutrino propagator. 
Using k = mo — G~^{q) + S~^{q — k) and p + k = mo — G~^{p + q) + S~^{q — k) for 



the trace in (19) we obtain: 

tr\G{p + q)T^G{q){l + ^,){p+k)+mlG{p + q)T,G{q){l-^,)S{q-k) + 
moG{p + q)T^G{q){l - 75) - moG{p + q)T^{l - ^,)S{q - k)- 

moT^G{q){l - 'jFj)S{q - k) 



(22) 



The terms with the three fermion propagators are canceled at p^ = M^^ in the sum of 
all the diagrams of type Fig. 2 b). Without this cancelation the gauge dependence of 
Mz and Tz is unavoidable. The terms in (22), containing the product of propagators 
G and S are canceled by the a^-terms, originated from the diagram Fig. 2 c). Now, 
the sum of diagrams Fig. 2 a) and b) is 






Gip + q)T^Giq)T,- 



S{p + 9)7^(1 - 75)'5(g)7p(l - 75) 



(23) 



It is straightforward to demonstrate that the terms in (23), leading to the tensor 
structure g^p can be expressed as: 



6| 



°MoV(M2^-MoV) 



n;r(Mo^^) + n«r(Mo^^) J,,„ (24) 



where nW*"^ and ^(J)"'^ refer to contributions of electron and neutrino. The a-terms 
is canceled in the sum of the expressions (16) and (24), and it turns out that Sp is 
gauge invariant in order of Cq. On the other hand, the sum of the real parts of (18) 
and (23) still depends on a. Therefore, the scheme (3), in distinct with (4), defines 
the gauge independent parameters Mz and Tz- 

We have checked the gauge independence of Sp also in the framework of conven- 
tional covariant gauge, when the gauge fixing term is d^W^'^ /2a. In this case the 
diagrams type of Fig. 1 b) and c) are gauge independent. The cancelation of the 
gauge dependent terms occurs in a full analogy with the case of R^ gauge. 

A few words about ZA mixing: when we define the mixing scheme by the require- 
ment that Green's function (ZA) has no poles (i.e. the mass-shell for the photon is 
defined only from (AA) and Sp is defined only from (ZZ)), there arise a new effective 
vertices but Sp does not change. Note that the same value of this parameter is ob- 
tained as a position of pole of the Green's functions (aa), {B^B^) and (aB^), where 
a and B3 are the original gauge fields of the gauge groups U{1) and SU{2) leading 
after mixing to A and Z. 

Note also that if we take into account the quantum corrections in the definition of 
the Higgs condensate in the bare Lagrangian, i.e. v = Vq + 6v, then (0) = 0, but the 
parameter Sp would be the same. Moreover, the replacement vq ^ v does not affect 
the Green's function which does not contain the Higgs field on external lines. 



3 Gauge dependence of Mz and Tz and the Gauge 
Invariance of the Amphtude 

As we have demonstrated in section 2, the parameters Mz and Tz defined in scheme 
(3) do not depend on the gauge parameter in the two-loop approximation. Since the 
parameters Mz and Tz defined in the scheme (4) are gauge dependent, it might seem 
that the scheme (3) is preferable. Below we show that the requirement of the gauge 
independence as well as the requirement of numerical convergence does not lead in 
principle to the preference of one particular scheme. 

Let us express Mz and Tz in the framework of regularized theory (i.e. n 7^ 4) as 

follows: 

00 00 

Mz = Moz E el'Sik, Tz = elM^-^ J2 eo'^2fe (25) 

k=l k=l 

It is possible to resolve Mqz and Cq in terms of Mz and Tz'- 





Moz = Mz}2{t^] Aife = MzZm, , (26) 

and 

-TzZr,, (27) 

where Zmz and Zr^ are the mass and width renormalization factors. 

Clearly, the coefficients in expressions (25) - (27) are gauge independent when 
calculated in the scheme (3) and depend on a gauge in the case of scheme (4). 

If we substitute (26)- (27) in the expression for the physical quantity, e.g. the am- 
plitude (e^e~|//) we obtain the ultraviolet finite result which may be parameterized 

as (l)-(2), or as follows: 

00 / -p \ '^ 

MS) = j:^[j^j a,iS) (28) 

The gauge independence of A{S) in a scheme (3) is evident since the coefficients 
ak{S) do not depend on gauge parameters. In scheme (4) the coefficients ak{S) 
contain a explicitly but this does not lead to the gauge dependence of amplitude 
A{S). Indeed, for this case, in the expression 

dA dA dA dVz dA dMz 

= I t. -| — (29) 

da da dV z da dMz da 

every term is non vanishing but in the sum they cancel since the scheme (4) is con- 
nected with the scheme (3) via the renormalization group equations with respect to 
the parameter a. These equations can be obtained from (26)- (27): 

^ = Pm.Mz, f^ = /5r.r„ (30) 

da da 



where 

ZmJm, = -^, ^r,/3r, = -^ (31) 

The similar equations for the other masses Mj can be easily obtained. It is evident 
that if we consider the scheme where (5m,v 7^ 0, the independence of physical quantities 
on a appears in a full analogy with the independence on a renormalization point. If 
we use (29) and (30), we would obtain from (28) that 




O 



Af+l, 



M, 



(32) 



in each order of Y z- Clearly, the same relations hold for the remaining gauge param- 
eters. Relation similar to (32) with respect to renormalization point /i states that 
(see, e.g. ||): 

=^^^%^^|;|:«V)^.-o(«W-). (33) 

where P^r is a physical quantity calculated up to order A^-th order in renormalized 
coupling g{^[i). In any particular order of perturbation theory the response of a physi- 
cal quantity on /x ^ /x -|- d/x is of a next order in g{\i). Evidently, the exact expression 
is the renormalization point (and gauge parameter) independent. So, the require- 
ment of the gauge independence of the amplitude (e+e~|//) is not sufficient to prefer 
scheme (3). 

Let us consider the problem of numerical analysis. The peak position of the 
amplitude, 5*0, is defined as the solution of the equation: 

^ I A{S) 1= (34) 



It is easy to show that in a scheme (3) we obtain 

p3 oo / p 



^o = M| + ^E(^i^j ^^(^«). (35) 



while the scheme (4) leads to 

5o = M| + ^V(^) Cl{M^) (36) 




Evidently, if the series (35) and (36) converge fast enough, the scheme (3) is preferable 
when r^ -C Mz- But from the theoretical point of view this is rather troublesome to 
confirm. Indeed, the coefficient functions C^ and C^ depend on the masses of all the 
particles of the standard model, so their values can not be estimated with the help 
of the current data. 
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Note that there exists other scheme which leads to the same results in a two-loop 
approximation as the scheme (3). For example one can define a new scheme by the 
relation: 

^ I D-\S) \s=Ml= (37) 

The simple calculation shows that Mz, defined by (37) differs from the result of 
scheme (3) only in order Cg. In other words, in a two-loop approximation the scheme 
(37) leads to the gauge independent Mz and this Mz satisfies relation, similar to (3). 
The results following from these two schemes differ only in three-loop approximation. 



4 Discussion 

In this paper, based on the gauge independence and numerical analysis we have 
investigated the schemes defining the mass and the width of Z boson. 

The relations (35) and (36) demonstrate that the schemes (3) and (37) may be 
preferable. On the other hand, since in a scheme (4) the arbitrary parameter a 
remains, the problem of convergence in (36) requires the consideration of the renor- 
malization group equations (30). It may occur that for some numerical values of a 
the series (36) would converge faster than the series (35). It is not surprising since 
from (29)- (30) it is evident that the gauge parameter a plays the role, analogous of 
renormalization point and thus, in principle, the variation of a can improve the con- 
vergence of series in T z/Mz- Hence, the requirement of the numerical convergence 
can not be used in defining the physical mass and the width of the Z boson, since this 
requirement may be in contradiction with requirement of gauge invariance of these 
parameters. Note also that the result of numerical analysis depends essentially on 
the process under consideration. 

From the requirement of gauge independence the schemes (3) and (37) are prefer- 
able. Unfortunately, this principle is necessary but not sufficient and therefore does 
not leads to the unique choice of a scheme. Indeed, besides (3) and (37), infinitely 
many schemes for defining the gauge independent parameters can be pointed out. For 
example let us express the Z boson propagator as 

D = D'''" + D\ (38) 

where D*"^ stands for the contribution of physical degrees of freedom (i.e. _D*™ is 
gauge independent) and D* varies from gauge to gauge. Consider now any conditions 
on real and imaginary parts of _D*™, leading to the ultraviolet renormalization. It is 
evident that these conditions define two gauge invariant parameters which may be 
treated as Mz and Vz- 

Despite of this non uniqueness, the schemes (3) and (37) are remarkable. Indeed, 
Mz and T z defined in scheme (3) are connected with the position of the pole of 
propagator on the complex plane and in scheme (37) they can be obtained from the 
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position of the peak of amplitude on real axis. Apparently it is the scheme (3) that 
defines the physical mass and the width of Z boson, since, from our point of view, 
only this scheme allows us to formulate the Lehmann-Symanzik-Zimmermann (LSZ) 
reduction technique [^ for the processes involving Z boson in initial or final states. 

Some papers contain attempts to generalize LSZ technique for unstable particles 
(see e.g [^) but we think that more thoroughful analysis is necessary. Our recent cal- 
culations show that the residue of the amplitude (e"'"e~|//) in a two-loop approxima- 
tion is gauge independent at S* = S^. This fact already indicates the incontrovertible 
preference of scheme (3) since the gauge independence of the residue apparently leads 
to the gauge independent amplitude for the decay Z -^ f f. 
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